
   

Journal of Coastal and Hydraulic Structures Vol. 2, 2022, paper 11 1 of 18 

JOURNAL OF COASTAL AND HYDRAULIC STRUCTURES 

Vol. 2, 2022, 11 

 

Analytical Models for Determining the Propagation of 
Rectangular Surface Jets for Fishway Attraction Flow 

Veronica Wiering1, Patrick Heneka 2, Martin Henning 3, Linda Bergmann 4  
 

Abstract 
The present paper evaluates suitability of two analytical models 

to determine the propagation of rectangular surface jets as a tool to 
design fishway attraction flow. It focuses on rectangular orifices 
of vertical slot fishways with aspect ratios (width-to-height) for 
𝑊𝑊/𝐻𝐻 < 1. Both models were rewritten to match boundary 
conditions for fishways because they were initially derived for 
horizontal orifices. As the basis for the evaluation, the output of 
the analytical models to RANS simulations for 12 geometries 
1/16 ≤ 𝑊𝑊/𝐻𝐻 ≤ 4 is compared. Applied analytical equations for 
half-lengths for cases 𝑊𝑊/𝐻𝐻 ≥ 1/4 are within 5 % of RANS 
modeling results for all cases. The location of centerline transition 
locations from analytical models also agree reasonably well with 
RANS modeling. The findings support efficient design of optimum 
attraction flow propagation using simple, rapid analytical 
approaches. 
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RANS; three-dimensional jet; centerline velocity decay; half-
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1 Introduction 
Creation of an optimum attraction flow is critical for fishes to efficiently locate and volitionally enter fishway 

entrances (e.g. Larinier 1992; Castro-Santos and Haro 2010). An ideal fishway attraction flow must be of sufficient 
discharge and shape to create an uninterrupted migratory corridor perceptible by fishes downstream of a barrier (e.g. 
Williams et al. 2012). Determination of attraction flow propagation must consider site-specific hydraulic and solid 
boundary conditions and the behavior of target fishes (Heneka et al. 2021). Inhomogeneous and turbulent flow associated 
with the fishway entrance pool and vertical slot, and also bank near reversed flow and turbulent turbine discharge will 
reduce the attraction flow length, whereas solid boundaries near the entrance slot may enhance attraction flow lengths 
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because of the coanda effect (e.g. Mahl et al. 2021). Results of detailed numerical hydrodynamic or physical scale model 
investigations may be applied in the planning process to assess attraction flow propagation patterns of projected fishways 
(Gisen et al 2017; Kopecki et al. 2014). However, these methods are time-and cost-intensive. Cost and schedule demands 
for the large number of fishways required for German dams limit the routine use of sophisticated hydraulic modeling 
studies to a few specific cases that are of interest for scientific or other purposes. On this understanding, treating attraction 
flow from a rectangular fishway entrance as a turbulent surface jet may provide efficient tools to simplify propagation 
length and shape estimates. 

Jets occur in many fluid processes (e.g. in wastewater treatment or aviation) where their mixing characteristics are 
well researched. Jet characteristics mainly depend on orifice geometry, outlet velocity, Reynolds number, and ambient 
fluid properties (Kraatz 1975; Rajaratnam 1976; Tsuchiya et al. 1986; Walker 1997; Quinn 2006). Depending on boundary 
conditions, a distinction is made between free jets, which are completely submerged, and surface and wall jets, which 
attach to the water surface or solid boundaries, respectively. Jets may be further classified into axisymmetric (i.e., round), 
two-dimensional (i.e., plane), or three-dimensional (i.e., rectangular), depending on orifice geometry. 

The aspect ratio of the orifice 𝑊𝑊/𝐻𝐻 (width-to-height) is a determining factor for jet propagation lengths for rectangular 
orifices (Rajaratnam 1976; Marsters and Fortheringham 1980; Quinn 1992; Seo and Kwon 2005). 𝑊𝑊/𝐻𝐻 for fishway 
entrance slots vary over time because while widths are commonly fixed, entrance water depths change as tailwater levels 
change. Entrance slot widths for German waterways are usually between 0.4 m and 1.5 m and water depths during 
operation of the fishway range between 1 m and 4 m. 

Based on the above, fishway attraction flows may be treated as rectangular surface jets for 𝑊𝑊/𝐻𝐻 ranges between 1/8 
and 1. Systematic research on rectangular jet propagation is only validated for 𝑊𝑊/𝐻𝐻 > 1 with a focus on free jets 
(Krothapalli et al. 1981; Rajaratnam and Humphries 1984; Seo and Kwon 2005). Rectangular free jets with 𝑊𝑊/𝐻𝐻 > 1 
show three distinct decay regions along the longitudinal centerline x (Figure 1): 

i) A tapered core zone directly downstream of the orifice for 0 < 𝑥𝑥 < 𝑥𝑥1, in which the fluid’s centerline velocity 
is equal to the outlet velocity (Kraatz 1975; Rajaratnam 1976). 

ii) An adjacent two-dimensional zone for 𝑥𝑥1 < 𝑥𝑥 < 𝑥𝑥2 where centerline velocities decrease proportionally with 
𝑥𝑥−1/2 due to mixing with the ambient fluid. Downstream of 𝑥𝑥1, centerline velocity profiles for the shorter 
vertical axis (minor axis) are self-similar in the streamwise direction (Sforza et al. 1966; Marsters and 
Fortheringham 1980), but profiles for the longer horizontal axis (major axis) are still in transition to the 
axisymmetric zone (Demissie 1980; Marsters and Fortheringham 1980; Krothapalli et al. 1981; Quinn 1992; 
Seo and Kwon 2005). 

iii) An axisymmetric zone for 𝑥𝑥 > 𝑥𝑥2, where velocity profiles of both axes are self-similar in streamwise 
direction and the centerline velocity decay is proportional with  𝑥𝑥−1 (Demissie 1980; Seo and Kwon 2005).  
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Figure 1: Schematic of a rectangular free jet with 𝑊𝑊/𝐻𝐻 = 2 where: x denotes the longitudinal centerline and y and z are 
lateral and vertical axes, respectively; 𝑥𝑥 = 0 denotes the outlet plane; 𝑥𝑥1 marks the transition between the core and two-
dimensional zones; 𝑥𝑥2 marks the transition between two-dimensional and axisymmetric zones; 𝑢𝑢0 is the outlet velocity 
and 𝑢𝑢𝑚𝑚𝑚𝑚𝑚𝑚(𝑥𝑥) is the maximum velocity at the centerline. 

The downstream extension of the different decay regions depends on 𝑊𝑊/𝐻𝐻 (Sforza et al. 1966; Marsters and 
Fortheringham 1980; Krothapalli et al. 1981; Quinn 1992; Seo and Kwon 2005). The two-dimensional zone extends 
further downstream as 𝑊𝑊/𝐻𝐻 increasingly deviates from 1. For rectangular jets with 𝑊𝑊/𝐻𝐻 > 1, the transition location 
from the two-dimensional zone to the axisymmetric zone 𝑥𝑥2 depends on W (Krothapalli et al. 1981; Seo and Kwon 2005). 
For square orifices 𝑊𝑊/𝐻𝐻 = 1, the two-dimensional zone is displaced by the axisymmetric zone and, as a result, only the 
core and axisymmetric zones exist (Seo and Kwon 2005). 

For plane and round free jets only two zones exist: the core zone 𝑥𝑥 < 𝑥𝑥1 and either the two-dimensional zone for plane 
jets or the axisymmetric zone for round jets. The velocity decay rate for 𝑥𝑥 < 𝑥𝑥1 is proportional to 𝑥𝑥−1 2⁄  and 𝑥𝑥−1 for plane 
and round jets, respectively (Kraatz 1975; Rajaratnam and Humphries 1984). Velocity profiles are characterized by self-
similarity of different cross-sections in the streamwise direction (Kraatz 1975; Rajaratnam 1976). 

Surface jets differ from free jets because their vertical propagation is bounded by the water surface, where a surface 
current, characterized by higher lateral velocities, occurs. Below the surface current, surface jets exhibit self-similarity in 
the same way as free jets, which leads to the same characteristic decay regions (Madnia and Bernal 1994; Walker 1997; 
Gholamreza-Kashi et al. 2007). 

The present study aims at closing the knowledge gap that exists for assessing propagation of rectangular surface jets 
emergent from typical vertical slot fishways. In this, analytical models established for rectangular horizontal free jets with 
𝑊𝑊/𝐻𝐻 > 1 (Demissie 1980) and for plane and round free jets (Kraatz 1975) are extended and validated under 
homogeneous boundary conditions for rectangular surface jets with 𝑊𝑊/𝐻𝐻 < 1. In doing so, the analytical models are 
compared with three-dimensional RANS modelling for seven different aspect ratios 1/16 ≤ 𝑊𝑊/𝐻𝐻 ≤ 4 and results of 
studies of free and surface jets available in the scientific literature. 
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2 Analytical Models 

2.1 General remarks 

Downstream evolution of centerline velocities may be used as the primary metric to describe propagation of 
rectangular surface jets for 𝑊𝑊/𝐻𝐻 < 1 and 𝑊𝑊/𝐻𝐻 > 1 (Figure 2). Velocity distribution at the orifice is assumed 
homogeneous with an average bulk velocity 𝑢𝑢0. Surface currents are omitted as they solely affect local velocities in a 
small surface layer (Walker 1997; Gholamreza-Kashi et al. 2007). Using the water surface as symmetry plane, surface 
jets may be defined as half-free jets. Consequently, effective jet height H equals two times the actual water depth h at the 
orifice as 𝐻𝐻 = 2ℎ. Shorter and longer axis of the rectangular orifice are denoted as minor and major axis, respectively. 
Hence, the assignment of W and H as minor and major axis depends on 𝑊𝑊/𝐻𝐻 and reverses at 𝑊𝑊/𝐻𝐻 = 1. 

The general pattern of jet propagation in the absence of solid boundary effects is described as follows (Figure 2):  

1) velocities in the core zone equal u0 and delimit the core zone from the two dimensional and axisymmetric 
zones where velocity decays, 

2) maximum velocities at each profile 𝑢𝑢𝑚𝑚𝑚𝑚𝑚𝑚(𝑥𝑥) occur along the x-axis centerline (at 𝑦𝑦 = 0, 𝑧𝑧 = 0), 

3) 𝑥𝑥1 < 𝑥𝑥 < 𝑥𝑥2 velocities in the plane of the minor axis with x are self-similar, 

4) 𝑥𝑥 > 𝑥𝑥2 velocities are self-similar in all planes, 

5) core zone length 𝑥𝑥1 depends on the dimension of the minor axis, whereas the dimension of the major axis 
determines 𝑥𝑥2 , and 

6) scale of the three decay regions depends on orifice aspect ratio.  
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Figure 2: Schematics of rectangular surface jets for (a) vertical orifice 𝑊𝑊/𝐻𝐻 < 1 and (b) horizontal orifice 𝑊𝑊/𝐻𝐻 > 1. 
𝛼𝛼𝑖𝑖 denotes the inner diffusion angle (see chapter 2.3). 

𝐿𝐿𝑚𝑚, 𝐿𝐿𝑦𝑦(𝑥𝑥) and 𝐿𝐿𝑧𝑧(𝑥𝑥) are used to unambiguously define the spatial extent of the jet to identify the influence of different 
𝑊𝑊/𝐻𝐻 ratios on jet propagation. Longitudinal jet propagation is described using centerline velocity decay rate 𝑢𝑢𝑚𝑚𝑚𝑚𝑚𝑚(𝑥𝑥)/𝑢𝑢0 
where jet half-length 𝐿𝐿𝑚𝑚 is 

𝑢𝑢𝑚𝑚𝑚𝑚𝑚𝑚(𝐿𝐿𝑚𝑚)
𝑢𝑢0

=  0.5 (1) 
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Lateral 𝐿𝐿𝑦𝑦(𝑥𝑥) and vertical 𝐿𝐿𝑧𝑧(𝑥𝑥) propagation half-widths are 

𝑢𝑢�𝐿𝐿𝑦𝑦(𝑥𝑥)�
𝑢𝑢𝑚𝑚𝑚𝑚𝑚𝑚(𝑥𝑥)

=  0.5 𝑓𝑓𝑓𝑓𝑓𝑓 𝑥𝑥 > 𝑥𝑥1 (2) 

𝑢𝑢(𝐿𝐿𝑧𝑧(𝑥𝑥))
𝑢𝑢𝑚𝑚𝑚𝑚𝑚𝑚(𝑥𝑥)

=  0.5 𝑓𝑓𝑓𝑓𝑓𝑓 𝑥𝑥 > 𝑥𝑥1 (3) 

Note, that 𝐿𝐿𝑦𝑦(𝑥𝑥) equals 𝐿𝐿𝑧𝑧(𝑥𝑥) for 𝑥𝑥 > 𝑥𝑥2. 

2.2 Point Source Concept (PSC) 

Demissie (1980) uses Reichardt’s hypothesis (1943) to linearize the momentum equation in the direction of flow for 
a steady, incompressible, and free turbulent flow. Using the Point Source Concept (PSC), where the discharge area of a 
rectangular slot jet is subdivided into small, individual sources, it is possible to superimpose the particular solutions of 
each point source and finally to obtain relationships describing velocity decay. The concept has been validated for 
horizontal orifices (𝑊𝑊/𝐻𝐻 > 1). 

Using PSC, the time-averaged velocity field of free jets (in Demissie (1980), they are called deeply submerged jets) 
is described with the error function (erf) by 

𝑢𝑢2���

 (𝑢𝑢2)������
0 

=
1
4
�erf �

𝑊𝑊 + 2𝑦𝑦
2𝑐𝑐𝑥𝑥

� + erf �
𝑊𝑊 − 2𝑦𝑦

2𝑐𝑐𝑥𝑥
�� × �erf �

𝐻𝐻 + 2𝑧𝑧
2𝑐𝑐𝑥𝑥

� + erf �
𝐻𝐻 − 2𝑧𝑧

2𝑐𝑐𝑥𝑥
�� (4) 

where 𝑐𝑐 denotes the spreading coefficient of the jet which is an unknown to be determined from experimental data. 
As proposed by Demissie (1980) for long channel outlet geometries 𝑐𝑐 = 0.087 is used. The origin of the coordinate 
system is in the center of the rectangular outlet. 

Considering symmetry at 𝑧𝑧 = 0, eq. (4) can be rewritten for surface jets by using an effective jet height ℎ = H/2 
resulting in 𝑊𝑊/ℎ = 2𝑊𝑊/𝐻𝐻. The velocity decay at the centerline (𝑦𝑦 = z = 0) may be written as 

𝑢𝑢𝑚𝑚𝑚𝑚𝑚𝑚(𝑥𝑥)
𝑢𝑢0

= �erf �
1

2 𝑐𝑐 𝑥𝑥/𝑊𝑊
� × erf �

1
2𝑊𝑊/𝐻𝐻 𝑐𝑐 𝑥𝑥/𝑊𝑊

��
1
2
 (5) 

2.3 Inner Diffusion Angle Concept (IDAC) 

Kraatz (1975) introduced the inner diffusion angle 𝛼𝛼𝑖𝑖 (Figure 2), which is affected by initial turbulence at the orifice 
(Kraatz 1975; Kümmel 2004). It is a measure of the mixing processes of a free turbulent jet with the ambient fluid that 
drive the expansion of the zones. Based on Kraatz’s centerline velocity equations for plane and round free jets equations 
for the longitudinal evolution of centerline velocities for rectangular surface jets with arbitrary aspect ratios are derived. 
This method is denoted as the Inner Diffusion Angle Concept (IDAC) and dimensionless equations for transition locations 
𝑥𝑥1 and 𝑥𝑥2 as a function of W, H and 𝛼𝛼𝑖𝑖 for 𝑊𝑊/𝐻𝐻 < 1 are proposed as: 

𝑥𝑥1
𝑊𝑊

=
1

2 tan (𝛼𝛼𝑖𝑖)
 (6) 

𝑥𝑥2
𝑊𝑊

=
1

2𝑊𝑊/𝐻𝐻 tan (𝛼𝛼𝑖𝑖)
 (7) 

For 𝑊𝑊/𝐻𝐻 > 1 the transition locations 𝑥𝑥1 and 𝑥𝑥2 switch because the minor and major axes switch. The inner diffusion 
angle 𝛼𝛼𝑖𝑖 is set to 5.0° which is the midpoint of the reported range of 4.5° to 5.5° (Kraatz 1975). For surface jets, Kraatz 
(1975) also derives an equation for transition locations 𝑥𝑥2 for 𝑊𝑊/𝐻𝐻 > 1 (which agrees with eq. (7)) using experimental 
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data from Wiegel et al. (1965). Based on eqs. (6) and (7), the centerline velocity in the three distinct decay regions can be 
calculated. Independent of 𝑊𝑊/𝐻𝐻 the centerline velocity in the core zone is 

𝑢𝑢𝑚𝑚𝑚𝑚𝑚𝑚(𝑥𝑥)
𝑢𝑢0

=  1 for 𝑥𝑥 < 𝑥𝑥1. (8) 

Analytical approaches also apply to the two-dimensional and axisymmetric zones. In the two-dimensional zone 
𝑥𝑥1 < 𝑥𝑥 < 𝑥𝑥2 the jet shows the characteristics of a plane jet with decay rate 𝑢𝑢 ~ 𝑥𝑥−1 2⁄  (Kraatz 1975; Rajaratnam and 
Humphries 1984). Centerline velocities for 𝑊𝑊/𝐻𝐻 < 1 and 𝑊𝑊/𝐻𝐻 >1 for 𝑥𝑥1 < 𝑥𝑥 < 𝑥𝑥2 are calculated by 

𝑢𝑢𝑚𝑚𝑚𝑚𝑚𝑚(𝑥𝑥)
𝑢𝑢0

=  
1

�2 tan (𝛼𝛼𝑖𝑖)
 

1

�𝑥𝑥/𝑊𝑊
 𝑊𝑊/𝐻𝐻 < 1 (9) 

𝑢𝑢𝑚𝑚𝑚𝑚𝑚𝑚(𝑥𝑥)
𝑢𝑢0

=  
1

�2𝑊𝑊 𝐻𝐻⁄ tan(𝛼𝛼𝑖𝑖)
 

1

�𝑥𝑥 𝑊𝑊⁄
 𝑊𝑊/𝐻𝐻 > 1 (10) 

In the axisymmetric zone 𝑥𝑥 > 𝑥𝑥2 centerline velocity decay is identical to that of a round jet with decay rate of 𝑢𝑢 ~ 𝑥𝑥−1 
(Kraatz 1975; Rajaratnam and Humphries 1984). Centerline velocities for all 𝑊𝑊/𝐻𝐻 are calculated by 

𝑢𝑢𝑚𝑚𝑚𝑚𝑚𝑚(𝑥𝑥)
𝑢𝑢0

=  
1

�𝑊𝑊/𝐻𝐻 2tan (𝛼𝛼𝑖𝑖)
 

1
𝑥𝑥/𝑊𝑊

 for 𝑥𝑥 > 𝑥𝑥2. (11) 

Decay of centerline velocity can be summarized in relative distance 𝑥𝑥/𝑊𝑊 across the different jet zones for  
0 ≤ 𝑊𝑊/𝐻𝐻 ≤ 5 using eqs. (8) – (11) (Figure 3). In general, the axisymmetric zone extent decreases and occurs further 
downstream when 𝑊𝑊/𝐻𝐻 decreases for 𝑊𝑊/𝐻𝐻 < 1 (eq. (9)) or increases for 𝑊𝑊/𝐻𝐻 > 1 (eq. (10)). With decreasing 
axisymmetric zone, the two-dimensional zone extends accordingly further into the tailwater. At 𝑊𝑊/𝐻𝐻 = 1 only core and 
axisymmetric zone occur. 

Adding different centerline velocity ratios 𝑢𝑢𝑚𝑚𝑚𝑚𝑚𝑚(𝑥𝑥) /𝑢𝑢0 (Figure 3), transition locations 𝑥𝑥2/𝑊𝑊 for 𝑊𝑊/𝐻𝐻 = 1/2 and 
𝑊𝑊/𝐻𝐻 = 2 or 𝑊𝑊/𝐻𝐻 = 1/4 and 𝑊𝑊/𝐻𝐻 = 4 show that 𝑥𝑥2/𝑊𝑊 occurs at the same 𝑢𝑢𝑚𝑚𝑚𝑚𝑚𝑚(𝑥𝑥) /𝑢𝑢0-ratio in each case. It follows, 
that the transition locations 𝑥𝑥2/𝑊𝑊 are proportional with 𝑥𝑥−1.  
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Figure 3: Characteristic decay regions for surface jets with different 𝑊𝑊/𝐻𝐻 and centerline velocity ratios 𝑢𝑢𝑚𝑚𝑚𝑚𝑚𝑚  (𝑥𝑥)/𝑢𝑢0 
for 𝛼𝛼𝑖𝑖 = 5° for turbulent rectangular surface jets. Bold lines mark the transition location 𝑥𝑥1; dashed lines mark the 
transition location 𝑥𝑥2. 

The minor vertical half-width 𝐿𝐿𝑧𝑧(𝑥𝑥)/𝑊𝑊 for a three-dimensional rectangular jet with 𝑊𝑊/𝐻𝐻 >  1 or 𝐿𝐿𝑦𝑦(𝑥𝑥)/𝑊𝑊 for 
𝑊𝑊/𝐻𝐻 <  1 must be estimated because the concept of Kraatz (1975) was developed only for plane (i.e., two-dimensional) 
free jets: 

𝐿𝐿𝑧𝑧(𝑥𝑥)
𝑊𝑊

= 𝐶𝐶 �
𝑥𝑥
𝑊𝑊

+
𝑥𝑥0
𝑊𝑊
� 𝑊𝑊/𝐻𝐻 > 1 (12) 

𝐿𝐿𝑦𝑦(𝑥𝑥)
𝑊𝑊

= 𝐶𝐶 �
𝑥𝑥
𝑊𝑊

+
𝑥𝑥0
𝑊𝑊
� 𝑊𝑊/𝐻𝐻 < 1 (13) 

where C is a spreading coefficient and 𝑥𝑥0 is the distance from the orifice to a hypothetical virtual origin. Values for 
𝑥𝑥0 vary and can be positive or negative depending on different initial conditions and turbulent levels at the orifice 
(Krothapalli et al. 1981) and are influenced by the maximum measured axial distance (Seo and Kwon 2005). 

3 Numerical Model 
The performance of the two analytical models described previously is assessed and estimates of centerline velocity 

decay, jet half-lengths and half-widths are compared with the solutions obtained from three-dimensional Reynolds-
averaged-Navier-Stokes (RANS) modeling for different aspect ratios. The governing equations for the conservation of 
mass and momentum for an incompressible, steady, three-dimensional flow in Cartesian tensor notation using Einstein 
summation convention are 

𝜕𝜕𝑢𝑢𝚤𝚤�
𝜕𝜕𝑥𝑥𝑖𝑖

= 0 

 
(14) 

𝑢𝑢𝚥𝚥�
𝜕𝜕(𝜌𝜌𝑢𝑢𝚤𝚤� )
𝜕𝜕𝑥𝑥𝑖𝑖

= −
𝜕𝜕�̅�𝑝
𝜕𝜕𝑥𝑥𝑖𝑖

+
𝜕𝜕
𝜕𝜕𝑥𝑥𝑗𝑗

�𝜇𝜇𝜌𝜌
𝜕𝜕𝑢𝑢𝚤𝚤�
𝜕𝜕𝑥𝑥𝑗𝑗

− 𝜌𝜌𝑢𝑢𝚤𝚤′𝑢𝑢𝚥𝚥′������� (15) 
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where �̅�𝑝 = mean fluid pressure, 𝜇𝜇 = dynamic viscosity of water, 𝑢𝑢�𝑖𝑖 = mean velocity components and 𝜌𝜌 = water density. 
Mean flow eqs. (14) and (15) were solved using the finite volume simpleFoam solver (OpenFOAM version 2.3.1 (Weller 
et al. 1998)) using the Semi-Implicit Method for Pressure-Linked Equations (Patankar 1980). For the unknown Reynolds 
stresses 𝑢𝑢𝚤𝚤′𝑢𝑢𝚥𝚥′������, the k-ω SST model is used as implemented in OpenFOAM version 2.3.1 (Menter and Esch 2001; Menter 
et al. 2003) as it combines the advantages of the k-ω and k-ε model by using k-ω near the wall and k-ε in the free flow 
region (Rodi 2017). The basic equations for the kinetic turbulence energy 𝑘𝑘 and the turbulence dissipation rate 𝜔𝜔 are 

𝜕𝜕(𝜌𝜌𝑘𝑘)
𝜕𝜕𝜕𝜕

+
𝜕𝜕�𝜌𝜌 𝑢𝑢�𝑗𝑗𝑘𝑘� 

𝜕𝜕𝑥𝑥𝑗𝑗
= 𝑃𝑃�𝑘𝑘 − 𝛽𝛽∗𝜌𝜌𝑘𝑘𝜔𝜔 +  

𝜕𝜕
𝜕𝜕𝑥𝑥𝑗𝑗

�(𝜇𝜇 + 𝜎𝜎𝑘𝑘1𝜇𝜇𝑡𝑡)
𝜕𝜕𝑘𝑘
𝜕𝜕𝑥𝑥𝑗𝑗

�   (16) 

𝜕𝜕(𝜌𝜌𝜔𝜔)
𝜕𝜕𝜕𝜕

+
𝜕𝜕�𝜌𝜌𝑢𝑢�𝑗𝑗𝜔𝜔� 

𝜕𝜕𝑥𝑥𝑗𝑗
= 𝛼𝛼𝜌𝜌𝑆𝑆2 − 𝛽𝛽𝜌𝜌𝜔𝜔2 +  

𝜕𝜕
𝜕𝜕𝑥𝑥𝑗𝑗

�(𝜇𝜇 + 𝜎𝜎𝜔𝜔𝜇𝜇𝑡𝑡)
𝜕𝜕𝜔𝜔
𝜕𝜕𝑥𝑥𝑗𝑗

� + 2(1 − 𝐹𝐹1)𝜌𝜌𝜎𝜎𝜔𝜔2
1
𝜔𝜔
𝜕𝜕𝑘𝑘
𝜕𝜕𝑥𝑥𝑖𝑖

𝜕𝜕𝜔𝜔
𝜕𝜕𝑥𝑥𝑖𝑖

  (17) 

where 𝐹𝐹1 is a blending function for switching between the k-ω and k-ε formulation, 𝑃𝑃�𝑘𝑘 is a production limiter of turbulence 
in stagnation regions, 𝑆𝑆 is the invariant measure of the strain rate, and 𝜇𝜇𝑡𝑡 is the turbulent eddy viscosity. All constants are 
computed by blending the corresponding constants (e.g. 𝛼𝛼 =  𝛼𝛼1𝐹𝐹1 + 𝛼𝛼2(1 − 𝐹𝐹1)). The constants used for computation 
are 𝛽𝛽∗ = 0.09, 𝜎𝜎𝑘𝑘1 = 0.85, 𝛼𝛼1 = 5/9, 𝛽𝛽1 = 0.075, 𝜎𝜎𝑤𝑤1 = 0.5, 𝛼𝛼2 = 0.44, 𝛽𝛽2 = 0.0828, 𝜎𝜎𝑘𝑘2 = 1 and σω2 = 0.856 
(Menter et al. 2003). 

The model domain consists of a cubic waterbody and a rectangular inlet with different aspect ratios represented in a 
Cartesian coordinate system (Figure 1). The model domain spans 40 m in the x- and y-directions and 20 m in the z-
direction. Computational meshes are generated using the blockMesh tool implemented in OpenFOAM. Each 
configuration required a unique interchangeable assigned mesh describing a specific inlet size with local refinements in 
regions with strong gradients (e.g. around the jet core). The cell sizes are 0.05 m in the jet and increase to the boundaries. 

The water surface (x-y plane at 𝑧𝑧 = 0) is modeled as a slip boundary for velocity with zero normal gradient for 𝑝𝑝, 𝑘𝑘 
and 𝜔𝜔. The inlet turbulence kinetic energy and its specific turbulent dissipation are calculated as 

kin = 1.5Iu02 (18) 

𝜔𝜔𝑖𝑖𝑖𝑖 =
𝑘𝑘𝑖𝑖𝑖𝑖    0.5

𝐶𝐶𝜇𝜇   0.25𝐿𝐿
 (19) 

with 𝐶𝐶𝜇𝜇   0.25 = 0.09. The inlet turbulence intensity 𝐼𝐼 = 0.16 and the turbulent mixing length 𝐿𝐿 = 1.21 ∙ 10−3𝑚𝑚 are set 
based on preliminary testing. The flow velocity at the inlet is set to a uniform profile of 𝑢𝑢0 = 1.5 𝑚𝑚/𝑠𝑠 by a Dirichlet 
boundary condition and a fixed pressure is set at the outlet. A zero gradient was set along the axial direction for 𝑢𝑢, 𝑘𝑘 and 
𝜔𝜔. Walls and bottom have slip boundary conditions for velocity and zero gradient conditions for 𝑝𝑝, 𝑘𝑘, 𝜔𝜔. 

Table 1 lists the parameters of the RANS simulations. Inlet aspect ratios 𝑊𝑊/𝐻𝐻 varied from 1/16 to 4. Reynolds and 
Froude number are based on the hydraulic diameter with 

4Rℎ𝑦𝑦 =
𝑊𝑊ℎ

𝑊𝑊 + 2ℎ
 (20) 

and kinematic viscosity is assumed to be 1 ∙ 10−6 m2/s. Simulations were initialized to zero except at the boundaries. 
Solutions were considered convergent when the maximum residual of all the discretized equations was below 10−5. 
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Table 1: Parameters of the RANS simulations. 

No. W/H [-] W [m] h [m] 4 Rhy [m] Re [106] Fr [-] 

1 1/16 0.5 4.0 0.94 1.41 0.49 

2 1/8 0.5 2.0 0.89 1.33 0.51 

3 1/4 0.5 1.0 0.80 1.20 0.54 
4 1/4 1.0 2.0 1.60 2.40 0.38 
5 1/2 0.5 0.5 0.67 1.00 0.59 
6 1/2 1.0 1.0 1.33 2.00 0.42 

7 1/2 2.0 2.0 2.67 4.00 0.29 

8 1.0 1.0 0.5 1.00 1.50 0.48 

9 1.0 2.0 1.0 2.00 3.00 0.34 
10 2.0 2.0 0.5 1.33 2.00 0.42 

11 2.0 4.0 1.0 2.67 4.00 0.29 
12 4.0 4.0 0.5 1.60 2.40 0.38 

3.1 Model validation 

The numerical model was validated by comparing its temporal mean velocity profiles in lateral and longitudinal 
directions to the experimental data of Gholamreza-Kashi et al. (2007). Their data were obtained for a turbulent rectangular 
surface jet with an aspect ratio of 𝑊𝑊/𝐻𝐻 = 1, an inlet jet profile produced by a convergent orifice, and a Reynolds number 
of 8,850 (based on the hydraulic diameter). 

The longitudinal evolution of the normalized centerline velocity component 𝑢𝑢𝑚𝑚𝑚𝑚𝑚𝑚(𝑥𝑥)/𝑢𝑢0 against 𝑥𝑥/𝑊𝑊 from the 
simulation shows good agreement to experimental data (Figure 4a). The lateral distribution of normalized streamwise 
velocity components 𝑢𝑢/𝑢𝑢𝑚𝑚𝑚𝑚𝑚𝑚(𝑥𝑥) in the axisymmetric zone for 𝑦𝑦/𝐿𝐿𝑦𝑦(𝑥𝑥) for three discrete 𝑥𝑥/𝑊𝑊 correspond to a single-
sided normalized velocity profile for the x-y plane (Figure 4b). RANS results show good agreement with experimental 
data of Gholamreza-Kashi et al. (2007) with a slight overestimation of velocities 𝑢𝑢/𝑢𝑢𝑚𝑚𝑚𝑚𝑚𝑚(𝑥𝑥) < 0.4. Notably, centerline 
velocities 𝑢𝑢 are less than 0.01 m/s for 𝑦𝑦/𝐿𝐿𝑦𝑦(𝑥𝑥) < −2. 

  

Figure 4: (a) Longitudinal distribution of the maximum centerline velocity, (b) horizontal profile of the centerline 
velocity component below the surface (𝑧𝑧 = 𝐿𝐿𝑧𝑧) at 𝑅𝑅𝑅𝑅 = 8,850. Experimental measurements (denoted as Exp.) are  
from Gholamreza-Kashi et al. (2007). 
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4 Results 

4.1 Flow Fields 

The longitudinal and lateral jet propagation results from RANS modeling are compared with results from the PSC 
(eq. ((4)) using isoline plots at the water surface for 𝑊𝑊/𝐻𝐻 = 1/8 and 𝑊𝑊/𝐻𝐻 = 1/2 (Figure 5). Results for IDAC are not 
displayed because it only provides equations for centerline velocity decay. Both lateral and centerline velocities decrease 
as the jet spreads laterally and loses momentum to the ambient fluid. The transition between core and two-dimensional 
zones appears at 𝑥𝑥1/𝑊𝑊 = 5 and 𝑥𝑥1/𝑊𝑊 = 4 for RANS simulations of 𝑊𝑊/𝐻𝐻 = 1/8 and 𝑊𝑊/𝐻𝐻 = 1/2, respectively, 
indicating velocities decay slower and jet propagation is longer for 𝑊𝑊/𝐻𝐻 = 1/8. Consequently, 𝐿𝐿𝑚𝑚 (eq. ((1)) extends 
further downstream for 𝑊𝑊/𝐻𝐻 = 1/8 (at 𝑥𝑥/𝑊𝑊 = 26) than for 𝑊𝑊/𝐻𝐻 = 1/2 (𝑥𝑥/𝑊𝑊 = 17) (not shown in the figure). 
Propagation length along the centerline is longer for the PSC simulation for 𝑊𝑊/𝐻𝐻 = 1/8 than for the RANS results. At 
𝑥𝑥/𝑊𝑊 ≥ 12 the velocity decay for the RANS modeling and PSC agree (not shown in the figure). In contrast, for  
𝑊𝑊/𝐻𝐻 = 1/2 the centerline velocity decay is faster for PSC results. The deviation in the y-propagation at 𝑥𝑥/𝑊𝑊 = 15 
about – 15 % for 𝑊𝑊/𝐻𝐻 = 1/8 and about + 5 % for 𝑊𝑊/𝐻𝐻 = 1/2. 

  

Figure 5: 2D-Flow field at the water surface (𝑧𝑧 = 0) for 𝑊𝑊/𝐻𝐻 of 1/8 and 1/2 according to RANS simulations 2 and 7 
(Table 1) and PSC. 

4.2 Centerline Velocity Decay 

The downstream propagation of normalized centerline velocities at the water surface (𝑦𝑦 = 0, 𝑧𝑧 = 0) was evaluated 
for all aspect ratios 𝑊𝑊/𝐻𝐻 obtained from RANS simulations and compared to predictions using PSC and IDAC equations 
(Figure 6). Velocities are normalized with the bulk mean and plotted against the relative longitudinal distance from the 
orifice exit section. Multiple velocity values are obtained from multiple RANS simulations performed for the same aspect 
ratio for 1/4 ≤ 𝑊𝑊/𝐻𝐻 ≤ 2. However, by normalizing x with W the streamwise expansion of the displayed results differs. 

Centerline velocities predicted with PSC qualitatively agree with RANS results for all simulations. Maximum 
deviations of 𝑢𝑢𝑚𝑚𝑚𝑚𝑚𝑚(𝑥𝑥)/𝑢𝑢0 in the core zone 𝑥𝑥 < 𝑥𝑥1 and two-dimensional zone 𝑥𝑥 < 𝑥𝑥2 are between – 4 % and + 4 % with 
positive deviations for small aspect ratios 𝑊𝑊/𝐻𝐻 < 1 and negative deviations for 𝑊𝑊/𝐻𝐻 > 1. In the axisymmetric zone, 
velocities are overestimated by 3 % at 𝑢𝑢𝑚𝑚𝑚𝑚𝑚𝑚(𝑥𝑥)/𝑢𝑢0 = 0.3 for all aspect ratios. Both RANS and PSC predict smooth 
transitions between zones. 

Centerline velocities predicted with IDAC are discontinuous and distinct transition locations are clearly identifiable. 
As a result, 𝑢𝑢𝑚𝑚𝑚𝑚𝑚𝑚(𝑥𝑥)/𝑢𝑢0 at the transition between core zone and two-dimensional zone are overestimated by as much as 
12 % with largest deviations for the smallest aspect ratio. Farther downstream, in the axisymmetric zone, velocities agree 
well with RANS simulations for all aspect ratios. Maximum deviations there are +/– 2 %.  
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Figure 6: Evaluation of centerline velocity decay at the water surface (𝑧𝑧 = 0) from RANS simulations for 𝑊𝑊/𝐻𝐻 of 1/16, 
1/8, 1/4, 1/2, 1, 2, and 4 in comparison with PSC and IDAC. 



 Wiering et al.  

Journal of Coastal and Hydraulic Structures Vol. 2, 2022, paper 11 13 of 18 

The longitudinal location of transition locations 𝑥𝑥1 and 𝑥𝑥2 between zones obtained from RANS simulations were 
evaluated in comparison to PSC and IDAC equations (Table 2). For the graphs obtained from RANS simulation and PSC, 
three tangents for the respective zones and approximated 𝑥𝑥1 and 𝑥𝑥2 from the intersections were applied. Locations of 
transitions using IDAC were calculated with eqs. (6) and (7). PSC predictions of transition locations of the core zone 𝑥𝑥1 
and the two-dimensional zone 𝑥𝑥2 coincide with those obtained from RANS simulations for all aspect ratios. Similarly, 
IDAC predictions for 𝑥𝑥1 for all aspect ratios and for 𝑥𝑥2 for aspect ratios 𝑊𝑊/𝐻𝐻 ≥ 1/4 coincide with RANS results. 
However, the transition between two-dimensional and axisymmetric zone for 𝑊𝑊/𝐻𝐻 ≤ 1/8 is underestimated by IDAC 
with deviations of 23.4 % to 34.4 %. Note, while RANS and PSC are only visual estimates, the transition locations in 
IDAC can be calculated exactly. 

Table 2: Transition locations 𝑥𝑥1/𝑊𝑊 and 𝑥𝑥2/𝑊𝑊 from RANS, PSC and IDAC according to eqs. (6) and (7) 

W/H 
RANS  PSC IDAC 

x1/W x2/W x1/W x2/W x1/W x2/W 

1/16 5.0 60 6.0 60 5.7 91.4 

1/8 5.0 35 5.5 35 5.7 45.7 

1/4 5.0 17 5.0 20 5.7 22.9 

1/2 4.0 9.2 4.0 12 5.7 11.4 

1 4.0 7.0 4.0 8.0 5.7 5.7 

2 3.1 5.5 2.3 5.8 2.9 5.7 

4 1.5 4.8 1.5 6.0 1.4 5.7 

4.3 Jet half-length 

Normalized jet half-lengths 𝐿𝐿𝑚𝑚/𝑊𝑊 (eq. ((1)) as predicted by PSC and IDAC were plotted against 𝑊𝑊/𝐻𝐻 of rectangular 
surface jets as a single comparative parameter to characterize longitudinal jet propagation together with half-lengths 
obtained from RANS simulations and previous studies (Figure 7). The boundary conditions for jets in the previous studies 
generally agree with those of the present study especially for homogeneous inlet flow conditions. PSC and IDAC 
predictions of jet half-lengths show small differences (< 5 %) for 1/4 ≤ 𝑊𝑊/𝐻𝐻 ≤ 4, which includes the range typical for 
fishways. For 𝑊𝑊/𝐻𝐻 < 1/4 and 𝑊𝑊/𝐻𝐻 ≥ 10 PSC predictions of 𝐿𝐿𝑚𝑚 are up to 10 % larger than those of IDAC.  

On a quantitative scale for aspect ratios up to 50, predictions of both models agree with results of RANS simulations 
and literature studies. Deviations may arise from differences in boundary conditions, e.g. measurements of Giger et al. 
(1991) were performed with an adjacent downstream channel bed which prevented vertical jet propagation in some cases 
and forced the jet to propagate farther downstream. For the most relevant range of aspect ratios ranging from 1/4 to 1, 
both models are in accordance with data from Gholamreza-Kashi et al. (2007), Rajaratnam and Humphries (1984) and 
Madnia and Bernal (1994) with maximum deviations of +/– 15 %. Half-length obtained from the present RANS 
simulations agree with maximum deviations of +/–5 %. 
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Figure 7: Comparison of predicted jet half-lengths of RANS, PSC, IDAC and experimental data from previous studies 
with detailed view for 0 ≤ 𝑊𝑊/𝐻𝐻 ≤ 1 (inset). Values from previous studies were extracted from diagrams of centerline 
velocity decays. The solid symbols represent investigations on free jets. 

4.4 Jet half-widths 

The streamwise evolution of jet half-widths (eqs. ((2) and ((3)) was analyzed to quantify lateral and vertical 
propagation of rectangular surface jets. The spreading coefficient is determined as the slope of the half-width plotted 
against axial distance (eq. (13)). PSC predictions of half-width from eq. (4) were computed and compared against results 
obtained from RANS simulations for jets for 1/8 ≤ 𝑊𝑊/𝐻𝐻 ≤ 1/2 (Figure 8). Half-widths are normalized with W and 
plotted against normalized streamwise distances 𝑥𝑥/𝑊𝑊. 

Both PSC and RANS simulations predict generally similar linear spreading of 𝐿𝐿𝑦𝑦 along the minor axis. From Figure 
8, the spreading coefficient of PSC for all aspect ratios converges to 0.10, which also fits well within the range of 
Demissie’s (1980) results of 𝐶𝐶 = 0.097; 0.095 and 0.104 for 𝑊𝑊/𝐻𝐻 = 4; 13 and 26, respectively. RANS results obtain 
spreading coefficients for 𝑥𝑥 > 𝑥𝑥1 of 0.083 for 𝑊𝑊/𝐻𝐻 = 1/2, 0.108 for 𝑊𝑊/𝐻𝐻 = 1/4 and 0.115 for 𝑊𝑊/𝐻𝐻 = 1/8. These 
results suggest that spreading coefficients depend on aspect ratio with jets with smaller 𝑊𝑊/𝐻𝐻 showing an increased 
spreading coefficient, although Demissie (1980) assumes that the spreading coefficient of free jets may be independent 
of the aspect ratio. Taking this into account, the spreading coefficient calculated for all RANS simulations considered 
here is determined to 0.117, independent of 𝑊𝑊/𝐻𝐻. This is larger than the value of PSC, but is in the range of IDAC (not 
shown in the figure) with spreading coefficients of 0.128 and 0.095 measured by Kraatz (1975) for plane and round jets, 
respectively. 

Curvilinear spreading along the major axis 𝐿𝐿𝑧𝑧 is strongly influenced by the core zone and for 𝑥𝑥 < 𝑥𝑥1 the spreading 
rate is less than along the minor axis and gradually approaches the spreading rate determined for 𝐿𝐿𝑦𝑦 in the axisymmetric 
zone. Transition locations 𝑥𝑥2 for RANS simulations agree with those obtained visually given in Table 2 for jets with 
similar 𝑊𝑊/𝐻𝐻. Based on Figure 8, the transition locations 𝑥𝑥2 for PSC cannot be determined exactly as the lines approach 
each other asymptotically and 𝑥𝑥2 occurs outside the displayed range. 
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Figure 8: Jet half-widths 𝐿𝐿𝑦𝑦(𝑥𝑥)/𝑊𝑊 and 𝐿𝐿𝑧𝑧(𝑥𝑥)/𝑊𝑊 over 𝑥𝑥/𝑊𝑊 for aspect ratios 1/8, 1/4, and 1/2 from RANS and PSC. 
IDAC representation is omitted since it only provides values for spreading coefficients for plane and round jets. 

5 Discussion 
To verify the suitability of the existing analytical models for 𝑊𝑊/𝐻𝐻 < 1, a RANS model was used. The model was 

validated with experimental data for a surface jet with 𝑊𝑊/𝐻𝐻 = 1, where the core zone directly transitions to the 
axisymmetric zone. For aspect ratios other than 1, model validation data would have been desirable but are, to our 
knowledge, not available in literature. To increase trust in RANS simulation for surface jets that include a two-
dimensional zone, an extensive comparison of 𝐿𝐿𝑚𝑚 to literature values was performed. The agreement of the results suggests 
that the RANS model is suitable to correctly characterize three-dimensional surface jets. This is relevant in assessing 
fishway attraction flow where 𝐿𝐿𝑚𝑚 may be located in either the two-dimensional or axisymmetric zone. 

The results show that both analytical models are generally able to predict flow velocities and propagation of 
rectangular surface jets with good accuracy even when 𝑊𝑊/𝐻𝐻 of the fishway entrance slot changes in response to different 
tailwater levels. Maximum jet half-length inaccuracies of both models are as low as 5 % for aspect ratios 1/4 ≤ 𝑊𝑊/𝐻𝐻 ≤ 1 
common for fishway entrances. For smaller aspect ratios (𝑊𝑊/𝐻𝐻 < 1/4) both analytical models show deviations as large 
as 15 % to RANS results and results from physical model investigations (Giger et al. 1991). IDAC gives more 
conservative results as predicted half-length are consistently lower (i.e., attraction flow propagation is underestimated) 
than results obtained from PSC. However, such small aspect ratios of entrance slots are rather unusual when constructing 
fishways.  

Accurately locating transition locations (where two-dimensional velocity decay transitions into axisymmetric velocity 
decay) is crucial for accurate prediction of centerline velocities. Transition locations are well predicted by both analytical 
models so that either can be used to determine an optimal attraction flow propagation within the design discharge range. 
eqs. (5) or (8) – (11) indicate, in order to increase attraction flow propagation, it is a more efficient use of water to increase 
the outlet velocity 𝑢𝑢0 of the fishway entrance because downstream location x increases as a quadratic with 𝑢𝑢0 but linearly 
with orifice dimensions W or H. 

The dimensions of the rectangular orifice can be optimized once the centerline velocity is fixed. However, maximum 
flow velocity must be less than the maximum swimming speed of target fish species. For vertical slots (𝑊𝑊/𝐻𝐻 < 1) it is 
more effective to increase entrance width than water depth. Increase in length of the core zone contributes the most to 
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extending the attraction flow in the two-dimensional zone. The opposite holds for horizontal orifices, but these are atypical 
fishway geometries. For both cases velocities of the axisymmetric zone are independent of the orifice dimensions. 

Both analytical models assume unbounded, quiescent tailwater basins, and ideal nozzles producing homogeneous flow 
conditions where flow velocities are equally distributed over the orifice section. In reality, boundary conditions at fishway 
entrances are more complex because of inhomogeneous approach flow to a vertical slot, presence of solid boundaries in 
the tailwater, and concurrent tailwater flows, e.g. due to releases from an adjacent hydropower plant. Thus, the derived 
models may be enhanced to address site-specific complexity by including adjustable coefficients (e.g., IDAC: inner 
diffusion angle, PSC: scale coefficient) or by adding constants to describe specific features (e.g. for propagation length 
(Mahl et al. 2021, Heneka et al. 2021)). 

Both investigated models have differences in their analytical formulation which might be of importance during 
implementation of the equations in a design approach. Usage of PSC can be advantageous because it uses a single equation 
to describe downstream propagation while IDAC equations are formulated in multiple sections. In contrast, when using 
the approaches inversely to calculate entrance width for a targeted propagation length, IDAC may easily be inverted. No 
inverted analytical approach may be derived for PSC as it is formulated using products and sums of error functions. 

6 Conclusions 
The present study shows that existing and easy applicable approaches may be used to assess propagation of jets 

emergent from fishway entrances. Two analytical models for predicting jet propagation (Kraatz 1975, Demissie 1980), 
originally derived for rectangular free jets with orifice aspect ratios 𝑊𝑊/𝐻𝐻 > 1, where applied for surface jets with 
𝑊𝑊/𝐻𝐻 < 1 and compared to RANS model results and values from previous studies. The results yield an accuracy of < 5 % 
for 1/4 ≤ 𝑊𝑊/𝐻𝐻 ≤ 1 compared to RANS and ≤ 15 % compared to literature results from surface jets. Since PSC and 
IDAC deliver reliable predictions of jet half-lengths 𝐿𝐿𝑚𝑚, either model may be equally used to assess attraction flow jets 
emergent from fishway entrances when boundary conditions are appropriate. However, for deviating boundary conditions 
which are likely to occur at actual sites in the form of, e.g. inlet or tailwater flow and geometry, further investigations are 
indicated (e.g. Mahl et al. 2021). In order to subsequently use the results of this study in a generic parametric approach 
for determining fishway attraction flow at dams with hydropower usage, constants to approximate the real and complex 
conditions were developed (Heneka et al. 2021). 
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Notation 
Name Symbol Unit 
Spreading coefficient along the minor axis C - 
Experimental spreading coefficient of the jet c - 
Froude number Fr - 
Orifice height or effective jet height H m 
Turbulence intensity I - 
Kinetic energy k m2/s2 
Mixing length L m 
Jet half-length Lx m 
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Jet half-width in lateral direction Ly m 
Jet half-width in vertical direction Lz m 
Reynolds number Re - 
Hydraulic radius Rhy m 
Velocity component in streamwise (x) direction u  m/s 
Outlet velocity u0  m/s 
Maximum velocity at the centerline umax(x) m/s 
Slot width W m 
Streamwise or longitudinal direction x m 
Virtual origin x0 m 
Transition location from the core to the two-dimensional zone x1 m 
Transition location from the two-dimensional to the axisymmetric zone x2 m 
Lateral direction y  m 
Vertical direction z m 
Inner diffusion angle αi ° 
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